This paper represents a different approach to a whole group of problems connected with majorants of subharmonic functions. The same method has been used previously in order to prove a generalization of the Phragmén-Lindelöf theorem.
1 It seems that the best approach is to prove first Lemma 4, and then the most important results are easily deducible. Corollary 6 is a generalization of a result of N. Levinson.
2 His theorem has made me realize the importance of these results. We first suppose that f(x) is non-decreasing and that (0, 1) = (a, b). We get f X f(y)dy > f*f(y)dy è (*/2)/(*/2).
^ -2(6 -a) + (6 -a) log (J -a) + 2 f log ƒ(*)•</*.
Next, if f(x) is general, we form the rearranged non-decreasing function ƒ(x) for which
X X for all y. We know that
and that
Hence, if x 0 C(0, 1),
log (J /(yWy )•<** +J log f J ƒ(?)<*? jd* è 2 ƒ log( f *f(y).d y ydx. This, with (2) gives
In a similar fashion we get, for
If e > 0 is given, we can find a ô >0 such that logf(x)-dx < e/3.
x 0~8
Let us denote by J\ the common part of (a, b) and (#o -S,#o + ô), and by J 2 the rest of (a, &). Then, by (3), for £C.Ji
is a continuous function for % = XQ and, hence, there is a ôi< § such that
Hence, if we call the integral (1) g(£), then
This shows that (1) is a continuous function of £ at an arbitrary point XoQ(a, b). Further the rectangle
LEMMA 2. Given a non-negative \[/(x) Q.L, there is a domain D, bounded by two continuous curves
is interior to D and
There is no loss of generality in supposing Xo-yo^O. We define D by constructing its conformai representation on the unit circle. First we define the boundary function of the harmonic function x(r, 0) so that it satisfies the above condition for the derivative. We define it as the inverse function of e-t^dt From (9) it is easy to deduce that y(r, 6 + T) = -y(r,6 0 -6),
and we obtain (a/ir) log 3/2 < y(l, S) S c(o), for 0 C (ir, TT + 0 O ).
Using the same notation we shall prove the following lemma.
LEMMA 3. If \[/(xç> -a), \l/(xo-{-a) are finite, then every subharmonic function a(x, y), defined in D, which satisfies (10) a(x, y) S e*< x \ \ x\ < a, has an upper bound in R[\y\ <alog 3/2, \x\ <a] which depends only on x[/(x).
If we represent D conformally on the unit circle C, we get from a(x, y) a subharmonic function a(r, 0) defined in C. There, it must be less than any harmonic function with boundary values not less than those of a(r, 0). By (10), these are not greater than exp {\f/(x(l, 0))}, where #(1, 0) has been defined in the preceding lemma. Such a harmonic function is the Poisson integral of exp{^(#(l, 6))}. We have to show that this Poisson integral is not identically equal to oo. A sufficient condition is
In view of the definition of #(1, 0), this integral is obviously less than There is no loss of generality to suppose M(x)>e. and then the sign + can be omitted over the log signs. If f(z) is analytic, then log | ƒ(z) | is subharmonic and the result follows from the preceding theorem.
Nils Sjöberg has proved the following theorem:
4 Let M(6) be given and 0 < e < 1. In order that the class of subharmonic functions y defined in \z\ <1, which satisfy in 1 -e^ |s| <1
| fx(re id )\ ^ Mid),
